We describe the propagation of a parabolic self-similar pulse in an anomalous dispersive nonlinear fibre. Given the capacity of a linearly chirped parabolic pulse to maintain unaffected its typical shape over a short propagation distance, we introduce the concept of dispersion-managed self-similar pulses and outline potential benefits in terms of spectral broadening enhancement.
Introduction
Since their first experimental demonstration in 2000 in normally dispersive fibre amplifiers [1] , the unique properties of optical parabolic pulses have generated a great deal of attention. Indeed, irrespective to its initial shape, any pulse progressively evolves towards a parabolic intensity profile combined with a strictly linear chirp [2] . This typical shape experiences then a self-similar evolution, with exponential spectral and temporal broadenings and remarkably resists to the deleterious effects of the optical wave-breaking [3, 4] . Several methods have been successfully tested to generate parabolic pulses : rare-earth doped fibres (ytterbium [1, 5] or erbium [6, 7] ), Raman amplifiers [8] as well as a wide set of attractive passive means such as superstructured fibre Bragg gratings [4] , a set of two carefully chosen fibres [9] , comblike fibre [10] or dispersion decreasing fibre [11] . The experimental interest has strongly been driven by the possibility to fully cancel the linear chirp and thus to generate high-power ultrashort pulses with noticeably low substructures [1, 4-6, 12, 13] . Other applications in the telecommunication field such as multiwavelength sources [4] have also taken advantage of the broadened smooth spectrum of parabolic pulses [2] . Previous works have reported the role played by the dispersive properties of the fibre and arrangements of fibres with various normal dispersion values have been suggested to efficiently generate parabolic pulses [9] [10] [11] . The purpose of the present article is to extend the concept of parabolic similaritons to a combination of fibres with alternating negative and positive dispersions. Based on dispersion management, a concept that has found impressive applications in high bit-rate optical transmissions [14] [15] [16] , we demonstrate that a parabolic pulse can maintain its unique features even in presence of anomalous dispersion and nonlinearity. This article is thus organized as follows. We first describe the model we use and the parameters chosen to characterize the pulse evolution. We then focus on the propagation of parabolic pulses in the anomalous regime, with or without nonlinearity. Evolution in dispersion managed fibres is discussed and parabolic typical behaviour is compared with other pulse shapes. Finally, we investigate the influence of the average dispersion.
Model
The evolution of the complex electrical field ψ(z,T) of a pulse propagating in a passive optical fibre in presence of second order dispersion β 2 and Kerr nonlinearity γ can be described by the well-known scalar nonlinear Schrödinger equation (NLSE) [17] :
with z the propagation distance and T the time in a copropagating frame. For the sake of simplicity, we do not include in the present discussion the effects of higher-order linear and nonlinear effects such as third order dispersion, linear attenuation or Raman scattering [17] .
We study the evolution of an initial parabolic pulse p ψ having the following characteristic profile :
with T p , P p and C p the temporal width, the peak power and the temporal chirp coefficient of the parabolic pulse respectively [1, 2] . As long as the chirp coefficient C p is high, given the stationary phase theorem, the spectral shape ( ) 
with p ω and p C the spectral width and chirp coefficient respectively given by :
Equation (1) will be numerically integrated by using the standard split-step Fourier method [17] . In order to avoid some numerical artefacts due to the unphysical compact nature of the parabolic pulse, we have used a slight temporal apodization window based on a 5 th -order Gaussian shape [4] with a full width at half maximum (FWHM) of 1.6 T p . We have carefully checked that this apodization window does not influence our results.
During the propagation in the fibre, the pulse will be affected by the combined effects of non-linearity and dispersion. To qualitatively illustrate the pulse dynamics and similarly to the split-step Fourier algorithm, let us consider non-linearity and dispersion acting separately on an infinitesimal length δz.
On the one hand, second order dispersion alone induces in the spectral domain an additional chirp given by 
On the second hand, self-phase modulation (SPM) alone as defined in this model does not affect the temporal intensity profile but results in an additional temporal linear chirp given by [12, 17] :
We can then see that the evolution highly depends on the dispersion regime. For normal dispersion, nonlinearity and dispersion act conjointly to increase the chirp coefficient C' p + δC p and the temporal width of the pulse increases. On the contrary, it is clear from (5) that the pulse will shorten in the anomalous dispersion regime.
In order to more rigorously predict the evolution of the pulse parameters, the following set of coupled equations can be used [3, 12] :
with T p0 , P p0 and C p0 the initial pulse properties. Equations (7) have been derived from NLSE and implicitly assume that the parabolic typical profile is maintained over the propagation. In order to check this assumption, we characterize the pulse shape thanks to the misfit factor between the pulse intensity and the apodized parabolic pulse _ p fit
To illustrate this article, we study an initial parabolic pulse obtained for example in an erbium doped similariton amplifier at telecommunication wavelengths [6] and having the following properties : 2 T p0 = 5 ps, P p0 = 500 W and C p0 = 1.27 THz.ps -1 . We consider the evolution in passive fibres with a nonlinearity γ = 1. . Such fibre parameters are typical of non-zero dispersion-shifted fibres [19] with reduced dispersion slope. Let us add that the following results could also be demonstrated at other wavelengths such as 1.06 µm where high power parabolic pulse generation has been successfully reported [1, 5] . Indeed, taking advantage of the progresses in microstructured design and fabrication techniques, using photonic crystal fibres [20] is conceivable with the additional potential benefit of a reduced third-order dispersion.
Parabolic pulse propagating in a single passive fibre
We first examine the behaviour of a parabolic pulse in a single 15-m fibre. Let us recall that in the case of a single normally dispersive fibre (fibre 2), the parabolic pulse undergoes a temporal broadening illustrated in figure 1(a1). We can also make out that the increase of the temporal width ( figure 1(b) , solid black line) is accurately described by (7) and that the parabolic shape is kept unaffected as highlighted by the low misfit factor seen in figure 1(c) [3, 9] . A negative initial chirp parameter would have lead to a different dynamics, with a noticeable spectral compression stage [12, 21] .
In an anomalous medium, the evolution is rather different. Let us consider the evolution in absence of nonlinearity, as it can happen when using a pair of linear diffraction gratings [1, 5] , a hollow core photonic bandgap fibre [6, 20] or a strongly attenuated pulse [4, 13] . As it can be seen in figure 1(a2) and figure 1(b) (results obtained with fibre 1, dotted line), the pulse undergoes a temporal compression leading to a transformed limited pulse at a distance z c given by :
with β 2A the second order dispersion of the anomalous medium.
At the optimum compression stage, the shape is not parabolic anymore but becomes a Bessel function of the first kind [12, 13, 18] , which explains the significant increase of the misfit factor. Following this compression stage, the pulse undergoes temporal broadening. In order to better outline this broadening, we have also plotted in figure 1(b) the evolution of a pulse having a higher initial chirp coefficient C' p0 of 2.56 THz.ps -1 : according to (9) , the compression occurs faster and we can note that after the compression stage, the pulse broadens again and regains its typical parabolic intensity profile. Indeed, as in a purely dispersive media the pulse spectrum does not change, the relationship between equations (2) and (3) is still valid in the limit of a highly anomalous chirp.
Figure 1 : (a)
Evolution of the intensity profile with respect to the propagation distance in the case of a parabolic pulse propagating in a normally dispersive nonlinear fibre (fibre 2) (a1), in an anomalous dispersive fibre (fibre 1) without (a2) and with (a3) nonlinearity.
Evolution of the FWHM temporal duration of the pulse (b) and of the misfit parameter M (c) of a pulse propagating in a normal dispersive nonlinear fibre (solid line), in an anomalous dispersive fibre without (dotted line) and with (dashed line) nonlinearity. Results obtained for an initial chirp coefficient of C p0 = 1.27 THz.ps -1 and C' p0 = 2.56 THz.ps -1 are plotted in black and grey respectively. Results predicted by (7) are plotted with circles. Optimal compression distance as predicted by (9) is indicated by full diamonds.
Let us now evaluate the impact of Kerr nonlinearity (with the chirp parameter C p0 = 1.27 THz.ps -1 ). On the first stage (below 3 m), the pulse evolution is similar to the compression obtained without nonlinearity : the parabolic pulse shortens and maintains its shape as assessed by the low misfit factor. A direct consequence of the temporal compression is a peak power enhancement so that nonlinear effects have an increasing role. This results in a rather different evolution as it can be visualized in figure 1(a3) . Indeed, the dynamics of the pulse is severely impaired by soliton compression and pulse break-up [17, 22] : the temporal compression of the pulse is faster than in the case of a purely dispersive propagation and more remarkably, the pulse splits into four pulses evolving with various velocities. Parabolic pulse approximation becomes obviously completely out of context and contrary to a purely dispersive fibre, the parabolic shape is not regained after further propagation. One can also notice that the best recompressed pulse is achieved in a nonlinearity free fibre, whereas in presence of nonlinearity, much higher sidelobes are present [18, 23] .
Parabolic pulse propagation in a dispersion-managed fibre
In the preceding section, we have pointed out that parabolic pulses evolving in an anomalous medium in presence of nonlinearity were able to maintain their parabolic features only upon a reduced distance. We now study the evolution of the pulse in a fibre with anomalous dispersion (fibre 1) followed by a normally dispersive one (fibre 2). Both fibres have the same length (3 meters) so that the average dispersion of this map (map 1) is null. Temporal and spectral evolutions are plotted in figure 2(a,b) respectively. After the temporal compression stage described in part 3, the pulse undergoes both temporal and spectral broadening in the second segment. Note that the pulse maintains a parabolic intensity profile as well as a high linear chirp during the whole propagation. The initial and final profiles are compared in figure 2(c-d) . Whereas the temporal intensity profile does not exhibit significant changes, the most striking point is that due to SPM, the pulse spectrum has noticeably broadened. This confirms that, as the initial and final properties are not identical, parabolic pulses are intrinsically different from analytical stationary solutions such as dispersion managed solitons [16] or chirped solitons observed in an all-normal dispersion fibre lasers [24] . Let us now investigate the evolution in a concatenation of the preceding map. The propagation over four maps is displayed in figure 3(a) . The evolution is parabolic over the first three maps, but the progressive growth of the misfit factor ( figure 3(b) ) reveals a degradation of the intensity profile. The parabolic pulse finally collapses. To better understand the origin of this dramatic pulse change, let us consider the spectra recorded after 2, 3 and 4 maps ( figure 3(c) ). After three maps, the growth of unwanted bands of amplified regions becomes apparent. This can be interpreted as a manifestation of the scalar stimulated modulation instability (MI) which occurs in the anomalous segment [17] and which selectively amplifies bands of the parabolic broad spectrum. As spectral and temporal profiles are in the case of highly linear chirped pulses closely linked, the change of the spectral profile will directly translate into prohibitive temporal oscillations. (d) Longitudinal evolution of the temporal intensity over 10 maps made of fibres 2 and 3.
Longitudinal evolution of the peak power (e-left) and of the -20 dB spectral width (eright) of a pulse evolving in a single normally dispersive fibre (fibre 2, grey dashed line) and in 10 maps made of fibres 2 and 3 (solid black line). Results derived from (7) are plotted with grey circles.
Even if MI can not be completely suppressed and will ultimately limit the propagation length, different solutions can be undertaken to minimize this detrimental issue. A first possibility could be to use a fibre with lower nonlinearity γ, which would lead to a lower MI gain. One can also use a fibre with higher dispersion (fibre 3, second order dispersion β 23 = 4 x β 21 = -40 10 -3 ps 2 .m -1 ). According to (9) , this approach leads to a faster compression and then reduces the integrated MI gain. In order to maintain the same integrated dispersion, we have then used an anomalous dispersive segment with a fibre length reduced by a factor four (map 2) and we have tested this approach in figure 3(d) . The propagation over 10 maps (and over up to 12 maps according to additional simulations not shown here) does not exhibit MI degradation. The parabolic shape is preserved, as it is confirmed in figure  3 (b) with a misfit factor remaining as low as 0.05 after 10 maps.
Also shown in figure 3(e) is the evolution of the peak power and spectral width. Equations (7) have been found excellent in predicting this evolution. The pulse undergoes a progressive nonlinear spectrum expansion, as it can also be seen in figure 4(a1) . In a single normally dispersive fibre, due to the pulse broadening, the peak power of the pulse rapidly decreases (figure 3(e) bottom, dashed grey line), inducing less and less SPM, so that the spectral width saturates (figure 3(e) top, dashed grey line). In contrast, in the proposed dispersion-managed system, as the temporal broadening if periodically cancelled, the pulse keeps a high peak power at the input of the normally dispersive segment and self-phase modulation is thus cumulatively efficient. An increase of the spectral broadening by more than a factor 2 compared to a single normally dispersive fibre can be demonstrated ( figure 3(e) top) . Let us however note that in experimental situations, spectral broadening will be ultimately limited not by MI but by the impact of higher order effects such as splicing losses, third order dispersion (if the fibre dispersion is not flattened) or Raman scattering.
Influence of the initial pulse shape and of the map average dispersion
Let us now highlight the influence of the initial pulse profile. We compare in figure 4 the evolutions of initial parabolic and hyperbolic secant (sech) pulses. In both cases, the pulses undergo spectral broadening. But, whereas the parabolic pulse maintains its shape, the sech pulse develops a highly peaked spectrum with sharp edges. Details of the spectrum after 10 maps (figure 4(b)) illustrate the major distortions undergone by the spectral sech shape. This change also affects the temporal profile ( figure 4(c) ) with the development of a flattened pulse shape.
Figure 4 : (a)
Longitudinal spectral evolution over ten maps made of fibres 2 and 3 for an initial parabolic pulse (a1) and an initial sech pulse (a2).
Comparison of the output spectral (b) and temporal profiles (c). Sech figure 5(a) . For negative average dispersions, after each map, the pulse is further compressed, which is beneficial for spectral width and peak-power enhancement. However, after a given number of maps, the temporal width of the pulse becomes so short that problems mentioned in section 3 of the paper such as soliton compression will negatively act : the pulse will loose its characteristic parabolic features, as outlined by the high misfit factor observed in figure 5(a) . Let us now focus on the zero average dispersion case. We can notice that the breathing of the parabolic pulse is more and more pronounced after each map. This is mainly due to the continuous spectral broadening experienced by the pulse. Indeed, as the spectral width increases (as well as the chirp coefficient C p ), the compression stage in the anomalous fibre (equation (9)) is faster and faster. As a consequence, the peak power after the anomalous segment is higher and higher, as it can be seen on figure 3(e). With enhanced peak power and spectrum, the temporal broadening in the normally dispersive fibre will also be enhanced. If one targets output parabolic pulse with temporal width identical to the input, it is then desirable to use a slightly negative net dispersion. Regarding positive net dispersions, the pulse temporal broadening is higher, which seems beneficial for a low misfit factor M ( figure 5(c) ). From the curves simulated after 6, 8 and 10 maps (figures 5(b,c)), it is clear that higher the number of maps is, more pronounced will be the tendancies previously described. 
Conclusion
In the present article, we have outlined the ability of a highly chirped parabolic pulse to maintain its shape through an arrangement of normally and anomalous dispersive fibres despite the presence of nonlinearity. By avoiding soliton compression and limiting MI deleterious impact, it is then possible to take advantage of the parabolic pulse ability to maintain its shape in normally dispersive fibres. By maintaining high peak-power, enhanced spectral broadening is then demonstrated. We expect this work to open new perspectives in the fields of coherent continuum generation as well as in the comprehension of the dynamics of pulses in self-similar fibre lasers [24] . Controlling the temporal spreading of a parabolic pulse will also be of practical interest in the context of telecommunication applications where pulse-to-pulse interactions can severely damage parabolic self-similar dynamics [25] .
